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Abstract 

We describe a solution of the Gauss hypergeometric equation, F(a, (3, 7; z) by power series in 
paramaters a, (3, 7 whose coefficients are Z linear combinations of multiple polylogarithms. And 
using the representation and connection reletions of solutions of the hypergeometric equation, we 
show some relations of multiple zeta values. 

1 Introduction 

In introduction of Aomoto-Kita |Aol£| . they say that the Gauss hypergeometric equation: 

fir It) Hill 

z(l-z) — + (7 -(a + /3 +l)z)—-a/3w = (1) 
az z az 

can be solved by iterated integral and the solutions can be described using multiple polylogarithms, but 
concrete representation is not appeared. 

Multiple polylogarithms Lik(.z) (k = (fci, . . . , k n ) is a sequence of natural numbers) are defined by 

U ^= £ "IE K- ( 2 ) 

mi>ra2>->ra„>0 1 " 

which are holomorphic functions defined on \z\ < 1. 

In particular if ki > 1, these functions converge as Z — ► 1, 

Lik(l) = C(ki, ■ ■ ■ , k n ) = — j. — (multiple zeta values). (3) 

mi>m2>->m„>0 1 " 

Connection relations of solutios of the hypergeometric equation are written using the gamma functions 
explicitly. Then if solutions of the hypergeometric equation are described by multiple polylogarithms, we 
will get some ralations of multiple zeta values by comparing connection relation and limits of the solutios 
as z tend to each singular point. 

On this problem, Ohno-Zagier j()/j] show that a generating function of sum of multiple polylogarithms 
fixed "weight", "depth" and "height" satisfies the hypergeometric equation and show relations of multipc 
zeta values using Gauss formula about special values of the hypergeometric function: a solution of the 
hypergeometric equation regular on z = 0. 



In this paper, we try to solve the hypergeometric equation by iterated integral and express solutions 
by multiple polylogarithms concretely. And then comparing the representations and connection relation 
of solutions of hypergeometric equation, we show some ralations of multiple polylogarithms and multiple 
zeta values. 

The results include the formula shown by Ohno-Zagier OZj and partially the duality formula. The 
results give natural interpretation of Ohno-Zagier formula by method of solving the equation directly. 
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Regarding the hypergeometric equation as easiest case of Knizhnik-Zamolodchikov(KZ) equation, we 
can consider the method of representing solutions by multiple polylogarithms is applied to more general 
KZ equations. A position of this paper is the first step of these application. 

2 Preliminary 

2.1 The Gauss hypergeometric equation and its solutions 

The Gauss hypergeometric equation is a Fuchsian differential equation of second order which have three 
reguler singuler points 0, 1, oo in P 1 . The equation is defined by 

/ ,d 2 w , , „. . dw „ 

z(l-z)— + ( 1 -(a + /3+l)z)—-af3w = 0. (4) 

Now a, (3, 7 are parameters. Each solution of the equation can be connected on P — {0, 1, oo} as many- 
valued analytic function. 

The equation has a series solution which is regular at the origin: 

On condition that (a) n — a{a + l)(a + 2) • • • (a + n — 1). 

This series converges on \z\ < 1 if 7 ^ Z<o- The function is named the Gauss hypergeometric function. 

All solutions of the hypergeometric equation Q in neighborhood of 0, 1 and 00 can be written by the 
hypergeometric function. 

Two linearly independental solutions in neighborhood of are 

^\z)=F(a,(3, T ,z) (6) 

and 

<pf\z) = z 1 ~TF(a - 7 + 1,0 - 7 + 1, 2 - 7; z). (7) 
Solutions in neighborhood of 1 are 

4 1) (l-z) = F(a,/?,a + /3- 7 + l;l-z) (8) 

and 

<pW(l-z) = (l-zy- a -' 3 F( 1 -a, 7 -0, 1 -a-f3 + l;l-z). (9) 
Solutions in neighborhood of 00 are 

(p$°\l/z) = z- a F(a, a-7+l,a-/3 + l; 1/z) (10) 

and 

<p^°\l/z) = z- p F(J3, /3-7 + 1,/3-a + l; 1/z). (11) 

These solutions arc related by analytic continuation. The connection coefficients are given by the 
following fomula. 

We set fundamental solution matrix on i = 0, 1, 00 by 

/ (0 (0 \ 

*i = x V S W 1 I W » ( 12 ) 
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the connection relations are written as 

/ r( 7 )r( 7 -a-/3) r(2 - 7 )r( 7 - a - p) 

<t> n -<b,r 01 r Q1 - r ( 7 ~ a ) r (^ = ^ T{1 - a)T(l - f3) I ... 
$o-$iC , L - r(7)r(a+/9-7) r(2 - 7 )r(a + §_ - 7) 1 ' 
V r(a)r(/3) r(a -7 + 1^09-7 + 1), 

( c -7rm r (7) r (^- a) e 7ri(7-a-l) r(2 - 7 )r(/3 - a) 

r (/3)r(7-a) r(/3 - 7 + l)r(l - a) I , , 

Ig r( 7 )r( a -/?j r(2- 7 )r(a-/3) I ,Nl 

r(a)r( 7 -/3) r(a- 7 + i)r(i ->), 

The (1, 1) component of l|13(l tends to Gauss's formula as z — > 1: 

^(«, /3, 7; 1) = r(7)r( 7 -a-/3) R( _ } > 

r(7-") r (7-p) 

2.2 Multiple zeta values and multiple polylogarithms 

Multiple zeta values are real numbers defined by 

ah,...,k n )= Yl kl 1 kn - (i6) 

mi>m,2>--->m n >0 1 " 

Now k\, . . . ,k n are natural numbers and k\ > 2. The range of summation is all integers mi > m 2 > 
• • • > m n > 0. On the condition this serieses converge to real numbers. If n = 1, £(^i) are Riemann zeta 
values. 

Multiple polylogarithms are defined by the following power serieses: 

" k W= E ^ ST- ( 17 ) 

mi>ma>->m„>0 m l ' ' ' TO ™ 

Now k = (ki, . . . , k n ) is a sequence of natural numbers. The convergence radius of these serieses are 1. 
If ki > 2, these serieses converge to multiple zeta values C(&1> • • • j Ki) as z 1. 

On multiple zeta values and multiple polylogarithms, ki + • • • + k n , n and #{i|fci > 2} are named 
weight, depth and height respectively. 

Lik(z) satisfy differential relations as follows: 



rfLifci,...,fc„(z) _ J y+g Li fc2) ... ;fcn (^) if fci = 1 
^ llLifc 1 -i,...,fc n (^) if fci > 1 



(18) 



and Lik(^) have iterated integral representations: 

[ z dt dt dt dt dt dt dt dt dt dt dt dt 

LlK h \Z ) = I — o — o ■ • • o — o o — o — o • • • o — o o • • • o — o — o • • • o — o . I 19 I 

' J t t t 1-t t t t 1-t t t t 1-t K ' 

^^^^^^^^v^^^^^^^^ 

fci — 1 times k-2 — 1 times k n —l times 

Now notation / u>i(t) o uj 2 (t) o ■ ■ ■ o uj n {t) (each LOiit) is a differntial form of t) means 
Jo 

rti rtn—i 
UJl(h) j UJ 2 (t 2 ) ■ ■ j U n (t n ). 



For example, if n — 1 and fci = 1, 

m=l 



Multiple polylogarithms Lik(z) can be connected analytically on P 1 — {0, 1, oo} by integral represen- 
tation (|19(l and define many- valued analytic functions. 
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By changing variables on iterated integral representation of multiple zeta values (case of z = 1 as i[19|l). 
we get the duality formula of multiple zeta values: 

C(a x + 1, 1, . . . , 1 , a 2 + 1, 1, . • • , 1 , • ■ • , a r + 1, ) 

fci — 1 times 62 — 1 times b r — 1 times 

= C(6p + l, A-i + l, l^^l ■•,&! + 1, ). (20) 

a r — 1 times a r „i— 1 times ai — 1 times 

2.3 Ring of noncommutative polynomials Q(x, y) and shuffle product 

We consider a noncommutative polynomial algebra ft = Q(x, y) in two indeterminant x, y and subalgebras 
ft 1 = Q + fty and ft = Q + xfiy. 

We define a multiple polylogarithm with respect to monomial x kl ~ 1 y ■ ■ ■ x k ™~ 1 y G ft 1 as 

Li(x fcl -y ••x fc "- 1 y;z) = Li fcl ,..., fc Jz) (21) 

and to each w G ft , Li(w; z) defined by above and Q linearity. 
If w G ft 1 , we get 

— — Li(xw; z) — — Li(w; z) 

dz z 

Li(yw; z) = — !— Li(w; z). (22) 

GIZ 1—2! 

Especially if h > 2, Li(x fel - 1 y • • • x k ^y; 1) = C(&i, ■ ■ ■ , fc„). 

Wc define anti-automorphism r : ft — * ft as r(x) = y, r(y) = x. Using this notation, we can denote 
duality formula ifflljl as 

Li(w;l) = Li(r(w);l) (23) 

on w G ft . 

Shuffle product lu on ft is defined by 
lu is Q-bilincar 

llDW = WLLll=W WGft 

aiWi lu a2W2 = ai(wi lu a2W2) + a2(aiwi lu W2) 01,02 = i or y, Wi,W2Gft 

According to Reutenauer[Rj and Ihara-Kaneko IK| , (ft, lu) is a commutative algebra and ft 1 , ft are 
subalgebras. Moreover ft = ft 1 ^] = ©J^oft 1 lu x mn and the map reg 1 : ft — > ft 1 is defined by reg 1 (w) = 
(constant term of w G ft 1 ^]). 

The map reg 1 satisfies 

n 

wx™ = reg 1 (wx"~ J ) lu x j for w G ft 1 (24) 

3=0 

reg 1 (wj/x n ) = (-l) n (w lu x n )y for n > 0, w G ft (25) 

shown by Ihara-Kaneko IK . 

By property of iterated integral, we get 

Li(wi lu W2; z) — Li(wi; z) Li(w2; z). (26) 
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We expand index of multiple polylogarithms from Sj 1 to Sj by 

n , j 

Li(wx n ;z) = Y LKreg 1 (wi"" J ) ; z) (27) 

Z — . «■ o I 

for w £ i} 1 and Q linearity. This expantion is equal to expantion as Li(x; z) ~ log z and lu homomorphism. 
According to Okuda[0| , this expantion satisfies the same differential equation (12211 . 
We redefine weight, depth and height of w: monomial G io as 

weight of w = |w| = number of letters in w 
depth of w = d(w) = number of letter 'y' in w 
height of w — ft,(w) = (number of juxtaposition 'yx' in w) + 1 

and weight, depth and height of multiple polylogarithms and multiple zeta values as same sence. This 
definition of height is not equal to previous definition if w g" but the definition is more natural in this 
paper. 

Detail of this and previous subsection is written in Arakawa-Kaneko [ArKj . 

2.4 Analytic property of multiple polylogarithms 

According to Lappo-Danilevsky L|, we define Lip.c(w; z) as 

U p , c (xw;z)= f Up > c{w]z) dz (28) 



z 



lWl/w;z)= f U ^ z) dz (29) 
Jp.c 1 - z 

Op,o(l;2) = l (30) 

and Q linearity by w. Now w G f) 1 z,p G it = universal covering on P — {0, 1, oo} and C is a integral 
path from p to z C iX. 

In this notation, our multiple polylogarithms Li(w; z) is written as 

Li(w;^)= lim Li p c(w;z) (31) 
p— *o ' 

argp— 

on Z G U. 

The following lemmas was shown by Lappo-Danilevsky [Ej. 
Lemma 1. 

1 /cr\l w 



1 /C7\ l w l 

Li p ,c(w;z)|< — (-) . (32) 



Now 6 = inf dist(z', a), a — length of C. 

z'ec 

a=0,l 

Lemma 2. Let w = a\a2 ■ ■ ■ a r , di = x or y, q G C, C = C + C", C is path from p to q, C" is path 
from q to z, 

T 

Li P ,c(w; z ) = ^ Li <z,c" («i • • • av, z) Li P) a' (cn+i ■■■a r ;q). (33) 

i=0 

Now Li P)C / (ai ■ • • a ; g) = Li giC » (a r +i • ■ • a r ; z) = 1. 
Lemma 3. If < z < ~ 

|Li(w;z)|<l VwGio 1 (34) 
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Proof. Let < z < \. We prove the lemma by induction on |w|. 
If |w| = 1 w = y, | Li(w; z)\ = | - log(l - z)\ < log 2 < 1. 
Assuming the lemma satisfies by w = x kl ~ x y ■ ■ ■ x r ~ 

|Li(arw;z)| = ^T+i K < ~ ~ r = I Li (w; z)\ < 1 

mi>->m r >0 m l ■■■m r TOl >...>m r >0 m l ' ' ' 77lr 

Jo 1 - z Jo 1 ~ z 2 

(Q.E.D.) 

Using the lemmas, we can estimate absolute values of multiple polylogarithms on z £ il. 

Proposition 4. Let K C il : compact subset. There exist a constant Mk depending only K, 

| Li(w; »)| < M K Vw e Sj (35) 

Proof. Let s = min{(distance from {0,1} to K), 5} 
l(z;e)= inf (length of C) 

C : path from e to z in U 
(distance from {0,1} to C)>£ 

l(z; K) — maxZ(z;£). 

We assume z & K, w = a\a2 ■ ■ ■ a r G f) 1 (<^> a r = y) and regard e E R as arge = arg(l — e) = 0. 
We denote path from p to e on real axis as (pe), then according to 1)33(1 . 

r 

Li P ,c(w; z) = ^ Li E:C (ai • ■ • a«; z) Li p ,( p£ ) (a i+ i ■ ■ ■ a r ; e). 

i=0 

Since lim p ^ Li p ,(p £ ) (a»+x ■■■a r ;e) = Li(a i+ i • • -a r ;e), 

r 

Li(w; z) = 2J LL,c(ai • • • a*; z) Li(a i+ i • • • a r ; e). 

i=0 

Consequently 

r 

| Li(w; z) < 2J Li E) a(ai • • -a^ z)|| Li(a i+ i • • • a r ; e)| 

<tK M r £l )'<gK^)*^ /!(ir;e) 



In addition if w E i} 1 , 

[ Li(wx n ; z) | < V | Li(reg 1 (wx n ~ J ) ; z) I 1 ° S , Z| 
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J=0 J 



/uts \\ " I max | log ^ | , 
< ex P ( ) 2^ "I < ex P l,^ - J exp 1 ° gZ 



j=o 



Then let Mjf = exp ( — — — + max I logzl I , we get the lemma's estimation. 

\ e zgk 



(Q.E.D. 
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3 The Gauss hypergeometric function and multiple polyloga- 
rithms 

In this section, we consider the Gauss hypergeometric function which is the solution of the hypergeometric 
equation regular at the origin. 

First we describe the hypergeometric functions using multiple polylogarithms as main theorem of this 
paper. 

Next we compute the solution regular at z = 1 and substitute these results for connection relation 
l|18[l's (1, 1) component and get some relations of multiple zeta values. 

3.1 Representation of the hypergeometric function by multiple polyloga- 
rithms 

As our first result, we construct the solution of the hypergeometric equation Q which is regular at the 
origin by successive iteration and write it by multiple polylogarithms. 

Theorem 5. Let parameters Ai = (3, A 2 — a + 1 — 7, A3 = —a. 
When |A 1 |,|A 2 |,|A 3 | < \, 

rn 

F(a,0,r,z) = l- E E 4;™ >n) Go(l + m + n,l+p,q+l;z)\[\?\Z (36) 

Z,m,n p^q— 
l,n>l 

1 rl . m - 

- Z -F(a,(3,r,z) = - E E a^G(l + m + n-l,l+p,q+l;z)X[- 1 ^ (37) 



l,m,n p,g— 
l,n>l 



Now, 



G (k,n,s;z) = E Li kl ,...,k n (z) = E Li(xvry;z) (38) 



fci,...,fc„£N v/ESj 

k 1 >2 |w|=fc-2,d(w)=n-l, 

k±-\ Vk n — k s(w)— s — 1 

#{i\ki>2}=s 



i.e. Sum of all multiple polylogarithms of weight fc, depth n, height s and k\ > 2 

d 

dz 



G(k,n,s;z)= 'S^ Li(wy; z) = z— Go(k + 1, n, s; z). (39) 

— * rl y 



wGSJ 

|w|=/b— l,rf(w)=n-l, 
s(w) — s— 1 

and coefficients 

/ q\ fl + p — q — lA (m + n— p — k — 1 



■rn./i) 



a Kq"'"' E \UJ \ / _ /,. _ I ) \ „ _ J 

Each binomial coefficients = if p < 0, g < or p < q. 

The series of right hand side converges uniformly in the wider sense on z G 11 = universal covering of P 1 - 
{0, 1, oo} and the representation is proper Vz e U. 

In the following, we prove the theorem. 
According to Aomoto-Kita |AoK] , let paramaters 

Ai = p, A 2 = a + 1 - 7, A 3 = -a (40) 
1 dw __ 

and change variables as v\ = w 7 V2 — JTl) is transformed to 

p dz 

-|W=(M 1+ AA + W W (41) 
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1 /o 1\ 1/0 



v 0J ' 1 - z V° 1 
I/O 0\ 1/0 



^2 = - 

z 



7.3 = - 

z 



T 1 




,2 




1 




+ 1 




,2 




1 




+ 1 




,2 



o i; i - z V° 1 
i/o o\ , i / o o 



1/ l-z v-i o 



/ F(a,/3,7;z) \ /l\ 
As i d p( ' o \ I is the solution of l|41|) passing n I at z = 0, we solve the solution by method 



v/3 

of successive integral starting from 



Namely we set vector wq = \ Y\ first and determine the sequence of vectors 

z\ + / (Ai^i + X2O2 + \ 3 9 3 )w n -\dz inductively, then lim w n is the solution of l|41|) passing 
11 / Jo ' ~ n ^°° 

at z = 0. 

For /x =finite sequence of {1, 2, 3}(even if /x = 0), we define analytic functions L ll (z), L' (z): 



d_(L i>lx (z)\ _ (Lp{z)\ (L hll (0)\ _ (0 



(< = 1,2,3) (42) 



Hence the solution can write 

(i^lU-t ^•■■vfc$) + G> 

We first express the functions L^z) by multiple polylogarithms. Cleary for all /x, 

L^i(z) = L'^(z) = L^z) = L'^z) = 
L2,n(z) = L 3t n(z) = 0, 

we may consider the sequence only started with 1, ended by 3 for L and ended with 3 for L' . 
Lemma 6. Define the transformation To : {finite sequences of {1,2,3}} — ► Sj = Q(x,y) as: 

(i) T O (0) = 1 

(ii) T Q (3, 1, fi) = (xy - yx)T (n) 

(iii) T (l,/i)=yTo(/*) 

(iv) T (2,/i) = (x + i/)T (m) 

(v) To (3, /Lt) = xTo(ii) if k doesn't start with 1 
then the functions £1.^.3(2) and L^ 3 (.z) denoted by 

L ltlMi3 (z) = -Li{xT {n)y;z) (44) 
iM,3(2) = -Li(r (M)»;«)- (45) 

Proof. Since Li*(z) and L*(z) are both holomorphic functions which have as z = 0, if their derivations 
are identical, the original functions are so. 
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Also by (03), 



dz \L[Jz)J ^L'^z) 
d (L 2 ^{z)\ _ ( 



dz \L' 2 Jz)J ~ ^-L'^ + ^L'^z) 
d_(L^{z)\_( 
dz U>V KlW-^L^z) 



(46) 



First if L' t 3 (z) = — Li(T (fi)y; z), since 



4^L ljtlt 3(z) = ^-L'^{z) = -^U(T (fj,)y; z) = -—Li(xT (fJ,)y;z) 
the lemma follows also on L. In the following, we show L' 3 (z) — — Li(To((j,)y; z) by induction on length 

of fl. 

In case of fi = 

f z 1 f z 1 f z 1 

L 3( z ) = - L '${z)dz- I L (z)dz = - dz = -U(y;z) 

Jo z Jo 1 — z Jo l ~ z 

In Generic case, we assume To(/x, 3) = wy and 3 (z) = — Li(wy; z). On this time, 
J^i^.aO) = T^T^/M^) = -j-^LKwyjz) = —^U(yvfy;z) 

^ L 2 :M ,3( Z ) = \ L '^ z ) + j~ L '^( z ) = ~\ Li ^ W2/; z ) ~ j~r~; Li ( w y; *0 

= - J" Li(irwy; z) - Li(ywy; z) = -^-Li((x + y)wy; z) 

then, 

L 'i,v-3( z ) = - Li (y w y;^) = -Li(T (l,/i)y;^) 

L 2,v,3( z ) = ~ + y) w y; z ) = - L K T o(2, n)y, z). 

Also if fi doesn't start with 1, then L^^z) = 0, 

^3, M ,3( Z ) = \ L '^( Z ) - y~^ jL ^ 3 ^ 2 ' 1 = _ ^ Li ( w 2/; z ) = ~^~ Li ( a;w2/;z ) 

^3,^,3^) = ~ Li(a;wy; z) = - Li(T (3, n)y; z). 

Finally, since 

Li,^{z) = - Li(xwy; z), L' l fl 3 (z) = - Li(ywy; z) 

then 

^3,1*3^ = ^1,^,3^) ~ y^-^i,M,30) = -~ Li(ywy; z) + Li(xwy; z) 

= —-J- Li(a;?/wy; z) + Li(ya;wy; z) = -— Li((xy - yx)wy; z) = -— Li(T (3, 1, fj,)y; z) 

dz dz dz dz 

Therefore 

L 3,i, M ,3( z ) = - Li ( T o( 3 ! !> z ) 

(Q.E.D.) 
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By this lemma, We can rewrite (|43|) to 

/ 

F(a,0,rA) 



2J E AiA M2 • • • \ lir _ 1 \3Li,p 3 ,..., llr ._ 1 ,3(z) 

r—2 fi2 Mr- 1 =1,2,3 



■ ■ ■ v-i^ £ in,.., fr -i,3( z ) , 

\ r=l^ 1 ,...,Atr-i=l,2,3 / 



X! X! Al V* •••A Mr ._ 1 A 3 Li(a;To(fc2,...,fer-i)y;z) 



r—2 /i2,---,A i 7--l— 1^2,3 



51 X! A M1 •••A Mr _ 1 A 3 Li(To(fc 1 ,...,Av-i)y;*0 

\ r— 1 ^ii,...,/i r _i = 1,2,3 



(47) 



2. lg'(u,n;z)j AlA2 V 

£,771,71=0 

i.e. Q(0, 0, 0; z) = 1, Q'(0, 0, 0; z) = and if (I, to, n) ^ (0, 0, 0), 

Q(0, to, n; z) = 
Q{l,m,Q;z) = 
Q'(l,m,Q;z) = 

Q(l,m,n;z) = - ^ Li(a;T (/*)?/) 

J {I— l,m,n— 1) 
Q'(l,m,n;z) = - ^ Li(To(/%) 

/x£ J(l,rn,n— 1) 

The index set of summation J(l,m,n) := {/x : finite sequence of {1,2,3}| 1,2 and 3 appears l,m and n 
times in k respectively} 

In this notation, if we show 



to, n; z) 



the theorem will been proved. 
Lemma 7. (i) 



- E a«;™< n) G (l + m + n,l+p,q + l;z), 
p,q=o 



n times I times 

E T (n) = x ■ ■ ■ xy^y 



Especially Q(l, 0, rt; z) = — Li Jl+ i i (2) 



( — 1 times 



(ii) 



m / 



E w=ES 



/i6J(!,m,n) P,<?=0 fe=0 

Proof. (i) Using induction on I. In the case of / = 



q\fl+p — q\fm + n — p — k 
I - k 



E 



w 



|w|=£+m+7t, 1 
\d(w)=;+p,ft(w)=g / 



53 T (/i)=To(3,... ! 3) = 



(48) 



(49) 



(50) 
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In general cases, we assume the lemma is satisfied by I — 1. We divide the summation by position 
of '1' appeared at first on the left side, 

n 

£ ^o(m) = £ £ T (3,...,3,1)T (m) 

j*€J(!,0,n) i=0 (j,eJ(l-l,0,n-i) l times 

n 

= yx n y l - x + £ a^ 1 Oy - yx)x n ~ i y 1 - 1 

i=l 

n n 



i=i i=i 



= x n yy 1 - 1 = x n y l . 

(ii) We define transformation^ by T^(l) = y,T^(2) = x + y,T,5(3) = x and /x 2 ) = T^/x^T^) 

for V/i l5 /i 2 : sequenses of {1, 2, 3} and J'(l,m,n) = {fi G J(l,m,n)\fi has no (1,3) as subsequence}. 

According to (i), 

n times i times ™ timcs ' timcs 

E To(/i)=^^F^ = ^(3^~3T^~T)= £ T o(*»)- 

fie.J(L0,n) neJ'(l,0,n) 

Therefore 

E T (m)= E T » 

For /x e sequence of {1, 2, 3}, Tq(/x) is Z linear combination of monomials in Sj = Q(x, y) and if each 
Tq(/u.) has component w as summand, its multiplicity is always 1. Consequently, by fixed w : |w| = 
l+m+n, d(w) = l+p, h(w) = q, we may count number of {/x € J' (I, to, n)|Tg(/x) contains w as summand} 
in order to compute Tq((i). 

The number is equal to combinatrial numbers of putting T' on position of 'y' in w, '3' on position 
of 'x' in w and having no juxtapoint '13'. Therefore considering the situation that k 'l's are in 
position of 'y' in '• • • yx ■ ■ ■ ', the number can express 

/ q\fl+p — q\ (m + n — p — k 



E 



l-k 



Hence we get 

( 

q\ (I +p — q\ ( to + n — p — k 



E w=EE 

neJ(l,m,n) P,9=0 k=0 



kj \ I — k J \ n 



E 



|w|=/+m+n, 
^d(w)=l+p,h(w)=q 



J 



(Q.E.D.) 

Proof of theorem 

Q(l,m,n;z) = - £ Li(xT (/x)y) = - £ Li(xTo(/x)y; z) 

/jl€zJ(1 — l,m,n— 1) jl*G«/'(J— l,m,n— 1) 

-tEOC;-;!; 1 )^^-"-!*" 1 ) s Li( — > 

p j(? =0/c=0 v 7 v 7 v 7 |w|=l+m+n-2, 

d(w)=/+p— l,/i(w)=g 
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Since 



v Li(xwy; z) = G (l + m + n,l + p,l + q; z), 



|w|=2+m+n-2, 
d(-w) — l+p— l,/l(w) = q 



p,q=0 k=0 
m 

= ~ E a { pT' n) Go(l + m + n,l+p,l + q;z). 

p,q=0 

convergence of RHS First we remark that 



k=o \ ? A; 1 / \ n 1 

(-1 



k=0 



and X)™ 9 =o l G oG + m + n 7 l + p, q+l;z)\ < 2 l+m+n Mx, because a number of indexes which have weight 
k is 2 fe - 2 < 2 fe . 

Let X C it : compact subset and assume z £ K. Then 



E E <r" )G o(^ + m + n,/+p, g +l;z)A' 1 A™A^| 

l,m,n p,q=0 
l,n>l 

m 

^ E E a P,r" ) l G oG + m + n,;+p, g +l;z)||A 1 | i |A 2 r|A 3 r 

Z,m,n p,q=0 
l,n>l 

< 2' +m+ ™2 (+m+ "M K |Ai|'|A 2 r"|A 3 r i 

!,n>l 

<M K E |4Ai| z |4A 2 n4A 3 |" 



L,m.n 
Ln>l 



Therefore the seriese of RHS converges on |Ai|, |A 2 |, |A 3 | < \. 



(Q.E.D.) 



Corollary 8. 

F(a, 0, r ,z) = l- AiA 3 ^ G (fc, n, s; z)(X 2 + A 3 ) fc -"- s (A 1 + A 2 ) n -AT *(Ai + A 2 + A 3 ) s_1 



fe>n+s 
n>s, s>l 

(51) 

l^F(a, f3, r , z) = -A 3 E G ( fc - n ' ^ + A 3) fc ~"~ s (Ai + A 2 )"- S A*- 1 (Ai + A 2 + A 3 ) s_1 (52) 

k,n,s 

and convergent condition can be expand to Ai + A 2 |, |A 2 + A 3 |, |A 2 |, |Ai + A 2 + A 3 | < 1. 
Proof. We remark ((™-f)+™-fc) = (<^ fe ) k <Vq < {m - p) + n. 
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E E a P,?' n)G °( l +m + n,l+p,q + l; z)X l 1 X 2 n X^ 



l.m,n p,q=0 
Ln>l 



=^s e EE(;0C! p r)f m+ v~1 G ^ 



:,m,nGZ> fc— 



m I n 



= ^a 3 E E EE 

Z,m,n£Z> p,q=0 fe=0 4=0 



(m - p) + n - q\ (l + p - q\ /q\ /q - k 
n-t \ l-k \k \ t 



x G Q (l + m + n + 2,l+p+l,q+ 1; z)X™- p ~ q+t AJ~* A^Af^A'A* A' - *"' A 3 



Now let k' = m + n — p — q,n' = I + p — q,s' = q, 

= AxA 3 ^ G (fc' + «' + 2s' + 2,n' + a' + 1, s' + 1; z)(A 2 + A 3 ) fe '(A! + A 2 )"'A^'(A 1 + A 2 + A 3 ) s ' 

fe' ,n',s'GZ>o 

= AxA 3 Go(k,n, S ;z)(X 2 + X 3 ) k - n - s (\ 1 + \ 2 ) n - s X^ 1 (\ 1 +X 2 + \ 3 ) s - 1 



t,n,sEN 
fc>n+s 



The claim about ^z-^F and convergent condition are clear. 



(Q.E.D.) 



Examples of theorem In cases of some lower m, (and V Z, n > 1) 

coefficient of A^Ag = - Li„ +:Li (z) (= G (l + n, 1, 1; z)) (53) 



i — 1 times 



coefficient of AiA 2 A£ = -nG (Z + n + 1, Z, 1; z) - G (Z + n + 1, Z, 2; z) (54) 

- ZG (Z + n + 1, Z + 1, 1; z) - G (l + n + 1, Z + 1, 2; z) 

coefficient of A^A^Ag = _ n ( n + 1 ) ( 9 (/ + n + 2, Z, 1; z) - nG (Z + n + 2, Z, 2; z) 

- G (Z + n + 2, Z, 3; z) - lnG (l + n + 2, Z + 1, 1; z) 

-(l + n- 1)G (Z + n + 2, Z + 1, 2; z) - 2G (Z + n + 2, Z + 1, 3; z) 

- ^-^G (Z + n + 2, Z + 2, 1; z) - ZG (Z + n + 2, Z + 2, 2; z) 

-G (Z + n + 2,Z + 2,3;z). (55) 

Consequently, lower degree terms of F(a, (3, 7; z) in Ai, A 2 and A 3 is 

F(a,(3, r ,z) = 1 - Li 2 (z)A!A 3 - Li 2!l (z)A?A 3 - Li 3 (z)AiA^ - (Li 3 (z) + Li 24 (z))A 1 A 2 A 3 

- Li 2 ,i,i(z)A?A 3 - Li3,i(*)A?A§ - LU(z)Xi\l - (Li 3jl (z) + Li 2 , 2 (z) + 2Li 2 ,i,i(z))A?A 2 A 3 

- (Li 4 (z) + Li 34 (z) + Li 2 , 2 (z) + Li 2ili i(z))AiA|A 3 - (2Li 4 (z) + Li 3jl (z) + Li 2 ,2Cz))AiA 2 A§ 

(56) 

3.2 Regular solutions in neighborhood of 1 

Next, we construct the regular solution of hypergeometric equation in neighborhood of 1. 
We consider * < & 1 " 1 (1 - z). Let t = 1 - z. 
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Since f^ 1 ^) = t ^ 1 (t) satisfies the equation 

*** T Ht)=(±(° a )+ — (° ))**7Ht) 

dt 1 {) \t\0 a + (3+\- 1 ) l-t\0 l-lj) 1 {) 

= {\i6' 1 + X20' 2 + M6' 3 y$7 1 (t) (57) 

i/o oV i /o o x 



1 t \Q V 1 -t V 1 
1/0 0\ 1/0 



t \Q I J 1 - t \0 1 
1 /o -l\ .1/00 



We denote 



t vo o / i - t vo i 



i/ju(t) and ipi2(t) are regular at £ = and V'ii(O) = 1,^12(0) = for direct culculation. 

>a(*) y 



Therefore the solution of the equation which is regular at t — 0: I ) can be solved in the same 



way as section [21 
We express 



then functions Lj^ t ___ tflr (t), L^}...^ r (t) are determined by the following lemma. 
Lemma 9. Define the transformation T\ : {finite sequences of{l, 2, 3}} — > as: 

(i) T\(0) = 1 

(ii) 7i(l,3,/i) = (xy-yx)Ti(n) 

(iii) Ti(l, /x) = xTi(/j,) if /x doesn't start with 3 

(iv) T 1 (2,/x) = (x + y)r 1 ( At ) 

(v) T 1 (3,/x)=yT 1 ( M ). 

Then the functions Lg 1 ^ L$(t) denoted by 

L { si,i(t) = -U(xT 1 (iJ,)y;t) (60) 
L2i ) (i)=Li(T 1 0i)tf;t). (61) 

This lemma shows T\ = r o To, then if>n(t) is "dual" of <£> (z). 

Cleary xwy = xr(w)y and wy = r(w)y, we get the fol- 

w£/(fc,n,s) w£l(k,k—n,s) w(E/(fc,n,s) w(E/(fc,fc— n,s) 

lowing proposition. 
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Proposition 10. 

m 

^ n (l-z) = l-J2 ^™' n) G Q {l + m + n,m + n-p,q+\;l- z)\[\™\™ (62) 

l,m,n p : q— 

i,7»>l 

= 1 - A1A3 J2 G o(k, k-n,s;l- z)(X 2 + A 3 )' £ -"- s (A 1 + X 2 ) n - S X^ 1 (M + A 2 + A,)*" 1 

(63) 



^12(1 - z) = a p'™' n)G ( l +m + n-l,m + n-p,q + l;l- z)\[\™\™- 1 (64) 

l,rn,n p,q—0 
Ln>l 

= Ax ^ - 1, - n, s; 1 - z)(A 2 + A 3 ) fc -"- s (A 1 + A,)"-^ 1 ^! + A 2 + As) 8 " 1 (65) 

3.3 The connection relation between the regular solution of and 1 

We consider the (1, 1) component of connection relation(|13l): 

V,n(i - *M >(*) + <mi - *y W = r^orcT^ - (66) 

Theorem 11. 

1 - AxA 3 ]T (G (fc, n, s; z) + G (k, k-n,s;l- z))(X 2 + A 3 ) fc ""- S (A 1 + Aa)""^- 1 ^ + A 2 + As) 5 " 1 

fc,n,s6N 

fc— 2 n-1 s-1 

+ A ? A 3 X!EEE G °( fc '' s ' ; z ) G o( fc - fc '> ( fc - fc ') - (» -»').*-*'; i - Z ) 

fc,n,s k' =2 n' — l s' — l 

x (A 2 + A 3 ) fe -"- s (A 1 + A 2 )"- s Ar 2 (A! + A 2 + A 3 ) s ~ 2 

fe-2 n-1 s-1 

n — n ), s — s ; 1 — 2) 

k.n.s k' —2 n' — l s' — l 



x (A 2 + A 3 ) fc -"- s (A 1 + A 2 )"- s Ar 2 (Ai + A 2 + A 3 )*- 2 

r(i-(A 2 + A 3 ))r(i-(Ai + A 2 )) 
r(i-A 2 )r(i-(A 1 + A 2 + A 3 )) 

Especially let A 2 = 0, we get 

1- J2 {Go(l + n,l,l; z) + G a (l + n,n,l;l - z))\[\ r > 

l,n>l 

l-l n-1 

+ H G °^' + n '' Z '' 1; z ) Go ^ - ^' + n - « - 1; 1 - z)X[\^ 

l,n>2 ('=0 n'=0 
1-1 n-1 

- ^ G ( n ~ n ' + l '' l ' + 1 > 1; ~ l ' + n '> + z)\[\% 

l, n >l l'=0 n'=0 

= r(i-A 3 )r(i-Ai) 
r(i-(Ai + A 3 )) 



(67) 



(68) 
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This formula is generalization of Euler's inversion formula. Indeed comparing coefficients of A1A3 , we 
get 



Li n+ i(z) +Li 2 , + j^Li n _ i+ i(a!)Lii i .„,i(l-z) = C(»+l). (69) 

n — l times 3~ j times 

The special case of n — 1 as this formula is classical Euler's inversion formula for di-logarighm. 



We can get many relations of multiple zeta values as limit of l|67|l as z — ► 0, 1. 

Now, 

Go(k, n, s; z) — > Go(k, n, s; 1) z —* 1 
Go (A;, n, s; 1 — z) —> z — > 1 as polynomial order 
G(fc, n, s; z) — ► 00 z — > 1 as logarithm order 
G(k, n, s; 1 — z) — > z — > 1 as polynomial order 

then the equation of theorem Q67JI tend to 

F(a, p,r,z) = l- Ax A 3 E G °( k > n > s ' + A 3) fc ~"^(Ai + X 2 ) n - S X^ 1 (Xi + A 2 + A^ 5 " 1 

n>s. s>l 



1- E E a £r" )G oG + m + n, J +p, 9 + 1; 1)\[X?X£ 

l,m,n p,q— 
i,ra>l 

r((A 2 + A3))r(A! + A 2 ) 
r(A 2 )r(A! + A 2 + A 3 ) 



(70) 



as z — ► 1. 

In the same way, (|67f) converge to 



1 - AiA 3 E G °( fc ' k — n,s; 1)(A 2 + A 3 ) fe -"- s (A 1 + A 2 )"- S A^ x (Ax + A 2 + As) 5 " 1 



/c > n + s 
n>5, 5>1 



1 - E E a p/<T" )G oG + m + n,m + n- p,«+l; IJA'jAJWS 

i,n>l 

r(i-(A 2 + A 3 ))r(i-(A 1 + A 2 )) 



(71) 



r(i - A 2 )r(i - (A x + a 2 + a 3 )) 

as z — > 0. Then comparing both limits, we get the duality formula of multiple zeta value partially. 
Corollary 12 (duality). 

G (k,n,s;l) = G (k,k-n,s;l) (72) 
The duality formula is also understood symmetry between Ai and A 3 in . 

We can expand the RHS of as seriese of Ai, A 2 , A 3 . 
Next expanding gamma functions on RHS by 

00 C(n) n 1 

r(l - z) = exp(cz - V — -z n ) (c = lim (V - - logn) : Euler constant) (73) 

n=2 fe=l 

and 

oc 00 

exp(E x k z k ) = E S k (x)z k x = (xi,x 2 , ■ ■ ■) 

k=l k=0 
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x ki x k 2 x k 3 

S k (x)= ~kl~kl~kl'" (Schur polynomial), 



we get the next theorem. 
Theorem 13. 

£g®('t!;i7 1 )C" + "."-r i " 1 ))^ + " + -' + - +iii > 

(mi + Tii)! (fg + m 2 )! (Z4 + m 4 + n 4 )! 
^-f m\\n\\ W.m<£. l^.m^.n^. 

ni +714 — n 

mi +7712 +7713 +7714 = 771 

x 5Vni+7ii (C)^2+rri2 (C)*-^na ( — C)^U+"i4+n4 (-0 (74) 

C(2) C(3) C(4) , 



for C = (0 



2 ' 3 ' 4 



In addition, regarding both side of Q74JI as a polynomial in Ai and comparing both constant terms, we 
get the sum formula of multiple zeta values shown by Granvillej21 and Zagier [Z2] . 

Corollary 14 (Sum formula). 

Y,G (w,d,s) = (( W ) (75) 

s 

Proof. We divide both side by A1A3 and let Ai — » 0. We denote Gq(w, d, s) = Gq(w, d, *). 



LHS 

771 / I — 1 

l-k-1 A n-1 



E E [ E ( I) (' ; ! I ! 7 ') ( m + ";! 7 fc - 1 ) Ui> + ™ + m + * , + ' 



l,m,np,q=0 \k=0 
l.n>l 



"ee( (:) (' : *) r + ;:f _ 1 ) ) + - + i.p+ 



m,n p,q=0 
n>l 



\ m \ n — 1 



EE ( " ^)Go(™ + n + 2,p+l, (7 +l)A™A 3 " 

771,71 



EE E r ~ p )Go( W + 2,p+i, g +i)Ar"A^ 



w—0 Ti—O p.q— 
00 u) w—n / \ 

w=0 n=0 p=0 ^ ' 

OO KJ 7i» — p / \ 

£ E + 2 >*> + x > *) E ( ™ ~ p ) w p-n ^ 

OC W 

]T E G "( w + 2 >p + *) AP ( A 2 + A 3)"" P 

KJ— p— 

OC 7JJ — 1 

tu=2 d=l 
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RHS Wc partial differntiate RHS by Ai , let Ai — > and divide by A3 
C(n) 



1 - exp \J2 — ((A 2 + A 3 )" + (Ax + A 2 )" - A 2 " - (A x + A 2 + A 3 )«) 

0/OX, £ CH (n(Ai + Aa)B _! _ n(Ai + Aa + A3) „_ 1) 

n>2 

A -^° - E cw (^r 1 - (a 2 + A3)"- 1 ) 

n>2 

= Y, C(")^s (Ar 2 + Ar 3 (A 2 + A 3 ) + • • • + A 2 (A 2 + A3)"- 3 + (A 2 + A3)"- 2 ) 



n>2 

I/A3 \ - „ , , \ , \ \n-k-2 



^C(n)E A 2(A 2 + A 3 r 

n>2 k=0 
n-1 

= EEcN^ 1 (A 2 + A 3 )"- fc - 1 



i>2 k=l 



Therefore comparing both side's coefficients with respect to A 2 and (A 2 + A3), we get the equation J7SJ). 

(Q.E.D.) 



On the above results, Ohno-Zagier |OZ| showed previously that generation function of Go(k, n, s; t): 

Y G Q (k,n,8;t)J-^'v n -zr- 1 (76) 



satisfies the hypergeometric equation and the function is expressed as 



V G (k,n,s;t)x k - n - s y n - s z s - 1 = — - — (1 - F(a - x,(3 - x, 1 - x;t)) (77) 



k,n,s 

and 



xy — z 



V G (k, n, s; l)^""^""^" 1 = (1 - exp( V ^-(x n + y n - a" - /?"))) (78) 

z — ' xy — z * — ' n 

k,n,s w n=2 

(Now, a, (3 is complex numbers satisfying a + (3 = x + y, a(3 — z). 

And they showed some relations of multiple zeta values using Gauss formula Ijl5(l . In particular, 
specializing the paramater x, y and z, they showed the sum formula, the Le-Murakami formula and some 
other formulas of multiple zeta values. 

i|3.3fl means that our results are equal to relations of Ohno-Zagier by change of variables: x = 
A 2 + A 3 , y = Ai + A 2 , z = A 2 (Ai + A 2 + A3). Consequently the results is not new essentially, but give 
natural interpretation of relation of Ohno-Zagier as solving the hypergeometric equation directly and can 
be developed as replacing the hypergeometric equation by many variable KZ equation. 

4 On singular solutions of hypergeometric equation 



In this section, we consider singular solutions of the hypergeometric equation in neighborhood of 0, 1, 00. 
We assume a, (3, 7, 7 — a — j3 $ Z throught this section. 
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4.1 Solutions singular at the origin 

First we consider the (1,2) component of . 

We now start with instead of on section [3J then 



<?(*)) U 



is a solution of equation (|41|) . 



X! X! AiA Ml • • • A^,. Li(xT (/xi, . . . 



r— /ii ,.. .,/i r — 1,2,3 



X! X! ••"•V Li C r oG"x,---,Mr);3) 

\ r— 1 /j-i ,.. ..f-Lr — 1,2,3 



(79) 



We compute asymptotic condition of ( ^//l I as z — ► 



Now /(z) -» 3 (z) (z -> 0) means /(^"^(z) ~» 1 ( z ~» °)- 

By definition of Li and Li(w; z) log™ z — > (z — * 0) for w G S) 1 — Q, n 6 Z> , 

Li(w^z)^(^< (WGQ) (80) 
^ ' \0, (w0Q) 1 j 

and monomial a;™ is generated by xTq((/,i, • • • j Mr) only in case of r = n — 1 and /^i, . . . , [i„-i = 2 or 3. 
Hence asymptotic condition of <p(z) is 

r log r+1 z Ai ^ ((A 2 + A 3 )logz)''+ 1 



r=0 



(r + 1)! A 2 + A 3 ^ o (r + 1)! 

Ai ((X 2 + X 3 )\ogz) r 



A 2 + A 3 



\r=0 



^— ^ A2+Aa - 1) . (81) 



A 2 + A3 

In similar way, asymptotic condition of (p'{z) as z — > is z A2+A;5 . 

/ ¥>i 0) (*) \ 
Since asymptotic condition of \ l . ) ) I as z — ► is 

/ <^ 0) (z) \ / z 1 -T J F(a- 7 + l, / 3-7 + l,2- 7 ;z) Wo/ ^ 2+Aa 
|^z|^ ( Z ) j \zf z (z^F(a - 7 + 1, (3 - 7 + 1, 2 - 7 ; z)) J ~ > ^Aa^^+As , 



(82) 



(83) 



/ ^ (0) (z) \ 

the solution of the hypergeometric equation (|41(l : x rf ( ) can De written as 

/ ^\z) \_ A 2 + A 3 /y(z)\ / ^ 0) (z) \ 

Then we get the following proposition. 
Proposition 15. 

z^Fia - 7 + 1, P - 7 + 1, 2 - 7; z) 

= E A i A ™A"f E Li(xT ( J( At ) y ;z)+E E Li(*r^)(x + ^';z) 

/,m,n— J'(l— l,m— l,n) j— fj,£j , (l,m—2,'n—j) 

71 — 1 \ 

+ E E Li(a^(M)(a: + y)^;«)J+l (84) 
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And as z — * 1, 

oo * n 

E A i A ™ A 3( E Li(^(/x)y;l)+E E U(xT^)(x + y)x>;l) 

l,m,n=0 » i t m— l,n) j'=0 jue J'(l,m— 2,n— j) 

+ g E ^ M( . +> y il) ). m±^m^±M - 1 



i=0 fj,<EJ'(Lm-l,n-j-l) 



r(i + A 3 )r(i-Ai) 

(85) 



Proof. The first claim can be proved by computing (|83|l by l|36[) and (JTHJ. 

The second claim is limit as z — > 1 of connection relation l|13J) 's (1, 2) component: 

/ n \ (0)/ \ i / /-i n 1 d x r(2 - 7)r(7 - a - (3) 

Ml - zU \z) + - z)-z-<p[ >(z) = T{1 _ ani _ 0) ■ (86) 

(Q.E.D.) 

We can compute expression l|85|) by using following lemma. 
Lemma 16. Assuming w = x kl ~ 1 yx k2 ~ 1 y ■ ■ •a: fc ' ~ 1 and k\ > 2, 

Li(wj,:r"; 1) = (-1)" E ft + ^ ~ ^ " ' ft + ^ ~ ^ C(*l + *i> • • • . *r + (87) 

Proof. If w € xij, 

LKwyz"; 1) = LiCreg^wyx"); 1) = (-l) n Li((w uj x n )y; 1) = (-1)"^ Li((w iu x^ n )y- 1). 
Then we prove 

U(((wmx- n )mx)y;l)=n\ E ( ^ + ^ ^ ' ' ft' + + e i> • ■ ■ > fc - + £ ^ ( 88 ) 

e 1+ ... +Er= „ V £ 1 / V £ r J 

by induction on n. 

In case of n = 0, the equation is Li(wy; 1) = C(fci, . . . , fc r ). This is definition of Li. 
In case of n = 1, clearly 

r 

(w lu x)y = E k j x kl ~ 1 y-- ■ x k] y ■ ■ ■x kr ~ 1 y, (89) 
i=i 

then the equation satisfies. 

In general case, we assume that the lemma is satisfied on n. 
Because of the hypothesis of induction and l|89Jl , we get 



Li((w lu x m( - n+r >)y; 1) = Li(((w lu x mn ) lu x)y; 1) 



nl E f^ 1+£l 1\ fk r + e r 1 j y^(kj + £j)C(ki + ex, . . . , k 3 ■+ Ej + 1, • ■ • , k r + e r ) 

ni e e ft + ;; ■ x ) • • ■ + 1) ftft?) • ■ ■ ft +£ £ r ' ') ^ £ , } 



eiH h£r=" J = l 



=„, s (* j+ ; j_1 )-( ,t+ ; r - 1 ) s> «*.+«,...,*+*) 

El+ ... +Er= „ + i V £ J / V ^ / J 
= (n + l)\ E ft +£ ^ 1 )---( fcr+£r_1 )c(fci+ £ i,...,^+ £ ,) 
Therefore, the lemma is proved. 



(Q.E.D. 
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Examples We compute some examples. First, 

^ 3 ' ^ 1 ' n>2 n>2 

= exp(A 2 ^(-l)-CWAr 1 ( - 1)W( "- 1)C(n) ^- a + O(Al)) 

n>2 n>2 

x exp(A 2 £ C(n)Ar 1 + ^ £ ( " = * )C(n) A?' 2 + 0(A|)) 

n>2 ra>2 



= i + a 2 ^(-irc(n)Ar 1 + E cwa?- 1 

\n>2 n>2 

+ ( e ^"if-'W r 2 + e ^cwAr 2 + ^EMrcMAr 1 ) 2 

\n>2 n>2 n>2 

+ 5(EcWAr') 2 + E E(- 1 )"c(")c(™) A r 1 A3- 1 1 +o(ad. 

n>2 m>2n>2 J 

(i) Case of m = 

In this case, constant term of the formula (|85|l with respect to A 2 is trivial: = 0. 

(ii) Case of m = 1 

If I = and n > 1, the coefficients of A 2 Ag are both (-l) n+1 ((n + 1). 
If n = and 2 > 1 , we get easiest case of duality formula 



c(2,i 1 _^_i) = ca + i) 

l — 1 times 



as coefficients of A^A 2 . 

If I, m > 1, formula (|%5|l degenerates as 



By Lemma Il6l 

n— 1 n— 1 j'+l 



(90) 



n-l 

C(n + 2, 1, . . . ,1) + E Li^-y^ 1 ; 1) + U{x n ~ j y l+1 3p ; 1). (91) 

7 — 1 fin-ioc 3 ^ 



ELi(x"-^^ +1 ;l) = E(-l) J+1 E e ) E C("-J + l + e,l + e 2 ,...,l + £ 

3=0 3=0 e=0 ^ £ ' e a +— +ei=3'+l-e 

= E(- 1 ) J 'E( n e ) E C(»-i + 2 + e,H-E 2 ,---,l + ei)-C(n + 2,l,... ) l) 

j=0 e=0 ^ " ' e 2 H |-ei=j-e 

= E(- 1 ) J 'E( E C(n + 2- e ,l + £2 ,-.-,l + s0-C(n + 2,l,...,l) 

E E [J2(- i y( n ^~ £ ) )C(n + 2- e ,l + e 2 ,...,l + e ,)-C(n + 2 J l > ...,l) 



£=0e 2 + ---+£i=£ \3'=0 



(-1)" E C(fci.--..*i)-C(n + 2 ) l,... J l) 



fclH hfci=n+/+l 

fci>2 
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and by the same way, 



Then we get 



^Li( a: "-V + V;l) = -(-l)" Yl C(ki,...,k l+1 ). 

j=0 fciH hfe ! + i=n+i+l 

fci>2 



ah,-..,h)- C(fci,».,*j+i) = o. (92) 

feiH hfc,=n+i+l feiH hfc ! + i=n+( + l 

fcl>2 fe,>2 



This show that in A > 1, 



£ C(*i,.-.,*0 = C(n + i + l). (93) 



fclH hfci=n+i+l 

fei>2 

This is the sum formula of multiple zcta values. 

(hi) Case of m = 2, n = 

By similar computing, we get 

(Z + lX(2,l I ^)-C(3,l I ^) = ^Ca + 2) + ^ Yl C(* + 2)C(j + 2) (94) 

... , . ,. i.j>0 

I times l — l times 

This formula is equal to one of the Euler's formula(cf. Zagier[Zl]) up to duality, 
(iv) Case of m = 2, n = 1 

2G (l + 3, J, 1) + G (l + 3, 1, 2) - (I + 2)G (l + 3, 1 + 1, 1) - ZG (/ + 3, 1 + 1,2) + (/ + 1)G (J + 3,/ + 2,1) 

= /-C( 3 ) ( ? = °) f95l 

\C(2)Ca + l) (l>l) [ 1 

In general case, computing is very complicated. We can't write all coefficients expricitly, but we 
conjecture that all coefficients of formula l|85() 's LHS are Z linear combinations of Go(k, n, s; 1) and the 
formula Ij85(l is also equal to Ohno-Zagier ralation by change of values. 

We don't compute a solution of the hypergeometric equation singular at z = 1 yet, but this can be 
expressed in similar way and limit of (2, 1) component of connection relation as z — > is converge to 
" dual" of results of section 14.11 

However, limit of (1,2) component as z — > 1, limit of (2,1) component as z — » and limit of (2,2) 
component as z — > 0, 1 are apparently diverge. Computing these limits are very difficult and needed 
careful analysis. We don't treat these cases in this paper. 

4.2 Solutions of hypergeometric equation in neighborhood of oo 

In the last of this paper, we compute S?^, . inverse of fundamental solution matrix in neighborhood of oo. 



Let u — 1/z. The equation (|41ll can be rewrite as: 



23 



1 {0 



1 fO 



u \1 -V 1-ji\0 -1 
1 fo 



1 (0 1 



i-«\o -i 

1 /O 1 



u VO 1/ l-u VO 



Asymptotic condition of is 



ft — a \u 



-a — /3 



(u -+ 0) 



by direct computing. 
We denote 



(oo). 



(97) 



(98) 



In the same way as above, we can construct the solutions of (|96|l which are made in iterated integral 



starting from ( ) and 



Lemma 17. Define the transformation : {finite sequences of{l, 2, 3}} — > ,fj as: 

(i) TU0) = 1 

(ii) ^(1,3,^) = (xy-yxjTxdi) 

(iii) Too(l, /x) = — (x + y)Ti(fi) if doesn't start with 3 

(iv) TcfrM) = 

(v) T 00 (3,n)=xT 1 {n). 

Then the solution of l|96|l which is made in iterated integral starting from ( J is 



/ oo \ 

^ A 3 A Ml ■••A Mr AiLi((a; + y)T 00 (/ii,...,/i r )a;;u) 



r=0 /i 1 ,...,^ r =l,2,3 



^ ^ A Ml ■■■\ lir \ l Li(T O0 (jJn,...,fj T )x;u) 

V r=0 (Ui,.. .,^=1,2,3 



(99) 



and starting from is 



/ oo \ 

^2 ^2 A 3 A P1 •••A Alr Li((x + y)T 00 (/ii,...,^ r );u) 



r — /^i ,.. — 1,2,3 



X] X! A Ml •••A Mr Li(T 00 (/ii,...,/i r );u) 

\ r— 1 /ii,...,/i r - 1,2,3 



(100) 



By the lemma and asymptotic condition, the solution 



can be constructed as x^fe ( (EHJ) + ) 



and I (oo), { ) to A t +A 3 (-^3 ©+A1 (fTUU|) ). Then we get the next proposition. 
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Proposition 18 
/ 



E E U((x + y)T 00 ( t i)x;u)+ E Li((s + y)r oo (M);t*) A^AJ + 1 



l,m,n \fj,£j(l — l,m,n—l) 



fi(EJ(l,rn,n—l) 



V 



E E Li(Too(/x) a; ;u)+ E Li(T~(M);«)| A^AJ 

l,m,n \u£ J(i— l,m,n) n£j(l,m,n) 



(101) 

Comparing these results and connection relation l|14f) . we get some relations. But in general the 
formulation is very complicated. The connection relation of and oo is also regarded as Euler's inversion 
formula. Indeed computing (1, 1) component of (|14|l and comparing coefficient of A3 , we get the next 
formula. 



Proposition 19. 



^_ (W± _ J2(U n _ k (z) + (-!)""* Li„_ fc (i))^ 



Jt 1 



Ai + A 3 \ ;/ 
Ai 



Ai + A3 



exp (71-^3) 



7rAs 



Ai 



sin7rA3 Ai + A; 



E B «- 

n=0 



27riA 3 )™ 
^1 



(102) 



Now i?„ are Bernoulli numbers. 

Especially if n :even, considering z — > 1, we get 

-2C(n) = 5, 



(27Ti)™ 



This is Euler's famous formula. 



References 

[AoK] K.Aomoto and M.kita, Hypergeometric Function (in Japanese "Choukikakansuron"), Speinger- 
Verlag Tokyo, 1994. 

[ArK] T.Arakawa and N.Kaneko, Multiple zeta values and Multiple L values Note (in Japanese), lecture 
note, (2002). 

[G] A.Granville, A decomposition of Ricmann's Zeta- Function, in London Math. Soc. Lecture Note Ser. 
247, Cambridge,1997, 95-101. 

[IK] K.Ihara and M.Kaneko, Derivation relations and regularized double shuffle relations of multiple 
zeta valurs, preprint (2001). 

[L] Lappo-Danilevsky, Memoires sur la Theorie des Systemes des Equations Differentielles Lineaires, 
Chelsea, 1953. 

[O] J.Okuda, Duality formulas of the Special Values of Multiple Polylogarithms, 2003, 
|arXiv:math. CA/0307137, preprint. 

[OZ] Y.Ohno and D.Zagier, Multiple zeta values of fixed weight, depth, and height, Indag. Math. 12 
(2001), 483-487. 

[R] C.Reutenauer, Free Lie Algebras, Oxford Science Publications, 1993. 

[Zl] D.Zagier, Values of Zeta Functions and Their Applications, First European Congress of Mathemat- 
ics, Vol. II (Paris, 1992), 497-512, Progr. Math., 120, Birkha:user, Basel, 1994, 

[Z2] D.Zagier, Multiple zeta values, preprint. 



25 



Shu 01 

Department of Mathematical Sciences 
School of Science and Engineering 
Waseda University 

Okubo 3-4-1, Shinjuku-ku, Tokyo 169-8555, Japan 
e-mail: sliu@gm.matli.waseda.ac.jp 



